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ABSTRACT: The adsorption of flexible polymers from dilute solution in good solvents at attractive walls
is studied by Monte Carlo simulation of a coarse-grained off-lattice model, varying chain length N and
the strength ε of a short-range attractive wall potential. Unlike many previous studies, no chain end (or
other monomer) is held fixed near the wall. In qualitative agreement with previous work on different
models, we find an adsorption transition at a critical strength of the wall potential, where the chain
configuration changes from three-dimensional to quasi-two-dimensional in the limit of very long chains.
The dynamics of the chains is studied both above and below this adsorption threshold εc. Time-dependent
mean-square displacements of monomers and the chain center of gravity as well as the associated
relaxation times are studied in detail. In the adsorbed phase, relaxation times are found to scale as τ ∝
Nzeff with zeff ≈ 2.65 ( 0.1 and the lateral diffusion constant scales as DN ∝ N-yeff with yeff ≈ 1.1. Also
small-scale motions of monomers in different distances from the adsorbing wall are investigated, and a
qualitative picture for the dynamics of these partially adsorbed chains is developed.

1. Introduction

Polymer chains at free surfaces or interfaces between
materials find much recent interest today, both because
they pose challenging problems to fundamental research
and because of applications in technology and biology
(adsorption of biopolymers at cell membranes, etc.).1-5

While the static aspects of the adsorption of single
chains at walls have been studied for a long time (see,
e.g., ref 5 for a review), the dynamic properties of
polymers adsorbed on surfaces have received much less
attention.6,7 Most work considers either the kinetics of
the adsorption or desorption of polymers at a solid
surface6 or the collective dynamics of an adsorbed layer
of many chains,7 while the dynamics of single chains
that are adsorbed on walls are considered only occasion-
ally.8-12 Note that we do not address here chains with
special grafting end groups forming “polymer brush-
es”,13-16 which recently have found a lot of attention,
but rather address chains whose ends are attracted to
the wall in the same way as inner monomers. We focus
here on the behavior of single chains, in the situation
where the wall is exposed to a dilute polymer solution
in the good solvent case, rather than considering thin
films of bulk polymeric material in contact with
walls.1-4,17-20

Clearly, this problem is not easy to address neither
by experiment4,6,7 nor from the point of view of analyti-
cal theory,21,22 and thus computer simulation is the
method of choice here. Previous work has mostly been
concerned with the relaxation of strongly adsorbed
chains near the glass transition of such chains,9-12

resulting from the fact that diffusion over long distances
requires concerted motion at the many points where the
chain is attached to the surface,6 and the monomer
density at this surface may be rather high.8
In the present paper, we wish to avoid the difficulties

associated with the glass transition (relaxation times
easily reach astronomical values on the microscopic time
scales of computer simulations, which then are cor-

respondingly difficult23,24). We focus onweakly adsorbed
chains, where the length of the “trains”3 (sequences of
adsorbed monomers attached to the wall) is still small
enough, such that the fraction of monomers in “loops”
or “tails” is still large and the concentration in the region
immediately adjacent to the wall is at most semidilute.
Note that “weakly adsorbed” in the sense defined above
does not mean that the adsorption energy per monomer
|ε| is small in comparison to kBT, since important
entropic effects occur: rather weakly adsorbed means
|ε - εc| , |εc|, |εc| being the adsorption energy at
threshold.5 We wish to clarify the dynamical properties
of the chains in this regime as a function of chain length
and the strength of wall-monomer interaction. The
latter controls the fraction of adsorbed monomers in the
trains, of course. Loops and tails, however, extend in
the third dimension, and thus it is questionable to what
extent the chain moves as a strictly two-dimensional
object.
In section 2, we summarize briefly the model and

simulation technique: We use an off-lattice bead-spring
model that has proven efficient and useful for the study
of static and dynamic properties of chains in dilute and
concentrated polymer solutions in the bulk.25-27 Unlike
lattice models,28,29 this model should not suffer from
ergodicity problems in the presence of geometrical
constraints,25,30 and it has been used already success-
fully for modeling chain motion in pores with attractive
walls.30 In section 3, we briefly summarize the static
properties of a chain in the presence of an attractive
wall, for our model. Of course, static properties of the
adsorption transition and its universal aspects in the
scaling limit5,31 can be studied for lattice models by
various techniques more precisely,32-35 but this is not
our primary interest here, where we only clarify the
static properties of the model as a prerequisite to an
analysis of the dynamical behavior. Section 4 discusses
the dynamical properties of the chains for variable
strength of the attractive interaction with the wall; both
nonadsorbed chains and adsorbed ones are considered.
Section 5 then summarizes our conclusions. Results of
the related problem of the dynamics of chains in a quasi-
two-dimensional geometry enforced not by attraction to
a single wall (in a semi-infinite geometry) but by
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confinement between two walls (i.e., a slitlike pore) are
described in a separate paper.
Unlike some work with lattice models,36 we assume

an ideal flat surface without any heterogeneity. Thus,
our chains are free to move laterally on the surface;
without energy cost a chain could be displaced as a
whole. At this point, the model certainly is too idealized
to describe experiments (real surfaces exhibit corruga-
tion, large-scale roughness, and other defects; also
hydrodynamic interactions are present). But the model
is very suitable for testing the theoretical questions, and
it is a suitable starting point for more refined models
that take more complications of real systems into
account.

2. Comments on the Model and the Simulation
Technique
We are not aiming at the explanation of the properties

of particular polymers (such as polyethylene, polypro-
pylene, polycarbonate, etc.), but rather we wish to
contribute to the general understanding of universal
properties of flexible polymers. Thus, we choose a
coarse-grained model, where a chain consists of coarse-
grained monomers connected by coarse-grained bonds
(each bond representing at least n ≈ 3-6 chemical
bonds along the backbone of a polymer chain). Each
coarse-grained bond is described by the so-called FENE
potential (finitely extensible nonlinear elastic potential)
where a bond l has a maximum length lmax

Obviously the minimum of this potential occurs for l )
l0, UFENE(l0) ) 0, near l0 it is harmonic, with K being a
spring constant, and the potential diverges to infinity
both when l f lmax and when l f lmin ) 2l0 - lmax, and
choosing our length unit lmax ) 1, we choose the other
parameters as27

T being the absolute temperature and kB Boltzmann’s
constant. We treat our chains as fully flexible, and,
thus, we do not include a potential for bond angles
(although this can be added straightforwardly for a
description of semiflexible chains37).
The nonbonded interaction between effective mono-

mers is described by a Morse-type potential, r being the
distance between the beads representing the effective
monomeric units,26,30

with parameters εM/kBT ) 0.1, R ) 24, and rmin ) 0.8.
As shown in previous work,26 the decay of this potential
with distance r is so rapid that UM(r) ≈ 0 for r > 1 with
negligible error; this allows the use of a link-cell
algorithm with a cell linear dimension of unity and leads
to a reasonably fast performance of our Monte Carlo
program.
We choose units such that kB ≡ 1 and εM ) 0.1. Then

the Θ temperature,40 where a single coil of N effective
monomeric units in dilute solution in the bulk behaves
for N f ∞ as a Gaussian coil, is Θ ≈ 0.62.27 Our
temperature T ) 1 hence implies T . Θ; i.e., we work
under good solvent conditions.
As an adsorption geometry, we consider a semi-

infinite system with an impenetrable wall at z ) 0, such

that monomer positions are restricted to the positive
half-space z > 0. Following our previous study of chain
motions in straight tubes,30 we choose a square well
attractive potential at the wall

Our simulations have been carried out for a wide range
of the strength of this attractive potential, ε/kBT, and
of chain length N (16 e N e 128). The potential range
has been fixed at δ ) 1/8, i.e., a value much smaller than
the length of effective bonds. This is physically reason-
able, since each effective bond represents a sequence of
several chemical monomers. As will be shown in the
following section, this model then shows an adsorption
transition where chain configurations change from
three-dimensional to quasi-two-dimensional,5,32-35 at
about εc/kBT ≈ -1.90 ( 0.05. Figure 1 shows typical
snapshot pictures of our chains for a weakly adsorbed
case (ε/kBT ) - 2.5) and a more strongly adsorbed case
(ε/kBT ) -3.0).
Of course, such a choice of wall potential as used here

leads to certain peculiarities at short distances near the
wall, as one can see in the monomer density profile n(z),
for instance (Figure 2). The step of the potential at z )
δ leads to a kink in this density profile. If we choose a
much larger range of the potential, e.g., δ ) 1 (Figure
2), this singular behavior at z ) δ is much less

Figure 1. Snapshot picture of a bead-spring chain containing
N ) 64 effective monomeric units at ε/kBT ) -2.5 (a, top) and
at ε/kBT ) -3.0 (b, bottom). The adsorbing plane z ) 0 is
shown shaded. Effective monomers are represented as spheres
of radius lmin ) 0.4, while the bonds between the effective
monomers are not shown. Note that there is a short range
repulsion between effective monomers due to the Morse-
potential (eq 3), but there is no repulsion between the
monomers and the wall as long as z > 0, while no monomer
can cross the plane z ) 0 since Uw(z < 0) ) ∞.

UW(z) ) ε, z e δ; UW(z) ) 0, z > δ (4)

UFENE(l) ) -K(lmax - l0)
2 ln[1 - ( l - l0

lmax - l0)
2] (1)

lmin ) 0.4, l0 ) 0.7, K/kBT ) 20 (2)

UM(r)/εM ) exp[-2R(r - rmin)] - 2 exp[-R(r - rmin)]
(3)
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pronounced. Of course, there is a nontrivial renormal-
ization of the scale of the potential strength ε/kBT if δ
is varied, but on scales z . δ we expect a qualitatively
similar behavior, if one works at the proper values of
ε/kBT in both cases (note that the actual form of the
profiles in Figure 2 already shows that for δ ) 1 both
choices of ε are clearly in the nonadsorbing state of the
surface. While for gaussian chains this correspondence
simply follows from requiring5,38 that εδ2/kBT ) con-
stant, for chains in the excluded volume regime the
proper rescaling of ε/kBT is nontrivial). On a scale z ≈
δ, no universal behavior at all is to be expected. Being
interested here in the universal aspects of the adsorp-
tion behavior, it is advisable to work with a small value
of δ, and hence only the choice δ ) 1/8 will be considered
further in the following.
As described in previous work,25-27,30 this model can

be simulated fairly efficiently with a dynamic Monte
Carlo algorithm. The attempted Monte Carlo update
involves choosing a monomeric unit at random and
attempting to displace it randomly by displacements∆x,
∆y, ∆z chosen uniformly from the intervals -0.5 e ∆x,
∆y, ∆z e +0.5. From the total change ∆U of the
potential energies defined above, the transition prob-
ability Ω is calculated as usual,28

This attempted move is accepted only if Ω exceeds a
random number η, uniformly distributed in the interval

0 e η < 1. Note that the potentials eqs 1-3 are
constructed such that chains cannot intersect them-
selves in the course of random displacements of
beads.25-27 Thus, unlike early off-lattice Monte Carlo
work,39 one does not need to check separately for
entanglement restrictions. Thus, our algorithm is
rather fast; between 2.5 × 104 and 6 × 104 attempted
updates of monomeric units per CPU second are per-
formed on simple RISC workstations such as IBM RS
6000/370. The precise value of the speed depends on
the acceptance rate of the attempted moves and thus
on the thermodynamic conditions.
The data of the present paper were then generated

by carrying out about 200 runs at each state point (N;
ε/kBT), where each run was propagated to a length of
about 2 × 106 attempted Monte Carlo steps (MCS) per
monomer (1 MCS will be our unit of “time” in the
following). So, many independent runs are necessary
in order to reach a reasonable statistical accuracy.

3. Static Properties of Chains Adsorbed at Flat
Walls
In order to get an overview of where the adsorption

transition occurs, it is convenient to study the density
profile n(z) as a function of the strength of the adsorp-
tion potential (Figures 3 and 4). In all cases there is a
strong density enhancement in the regime 0 < z < δ )
1/8, due to the monomers which win adsorption energy
at the wall. In the nonadsorbed case (|ε/kBT|< |εc/kBT|),
the density has then only a very mild second maximum
near z ≈ 0.7, while then n(z) develops to a flat plateau,
n(z . 1) ) n0, the density of the bulk solution. Of
course, since we cannot simulate a truly infinite or semi-
infinite system, we have to choose a finite extension in
the +z-direction, placing a second (purely repulsive) wall
at z ) D ) 16; in addition, we choose finite linear
dimensions L in the x,y-directions parallel to the wall,
applying periodic boundary conditions in these parallel
directions. If the distribution of the monomers of a
chain in this geometry would be uniform, it would
simply be given by n0 ) N/(L2D). Choosing L ) 32 for
N ) 64 would yield n0 ) 1/256. Due to the adsorption
potential, n(z) is enhanced over this value even for z )
3-4 still by a factor of about 2. However, when the
chain gets adsorbed (|ε/kBT| > |εc/kBT|), the density

Figure 2. Plot of the monomer density n(z) versus z for chain
length N ) 128, in a weakly adsorbed case (a, top) ε/kBT )
-2.50, and in a strongly adsorbed case (b, bottom), ε/kBT )
-3.00. Squares refer to a potential range of δ ) 1/8 in both
cases, while circles refer to the choice δ ) 1 and ε/kBT )
-0.268 75 (a) and ε/kBT ) -0.375 (b).

Figure 3. Density n(z) plotted as function of distance z from
the adsorbing wall and as a function of the strength ε/kBT of
the wall potential, for chain length N ) 16. Vertical dotted
lines denote the density of the monomers, “sticking” im-
mediately at the wall; for |ε/kBT| > 2.0 this density exceeds
rapidly the value n(z) ) 0.015, which still lies within the
figure’s border.

Ω ) min{exp[-∆U/(kBT)], 1} (5)
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profile develops a pronounced peak near z ≈ 0.5 to z ≈
0.7, and n(z) decays essentially to zero for large z. This
peak of n(z) that is seen for z ≈ 0.5-0.7 for all values of
ε is basically due to such nonadsorbed monomers which
are nearest neighbors of adsorbed monomers along the
chain. Since we always consider |ε/kBT|> 1, the density
of monomers adsorbed at the wall always is enhanced
in comparison to n0, and also the density of nonadsorbed
nearest neighbors (along the chain) of such adsorbed
monomers is enhanced. While for choices of |ε| that
exceed the threshold value |εc| for adsorption only
slightly, the trains of neighboring adsorbed monomers
are still rather short, and the loops of nonadsorbed
monomers between neighboring trains are relatively
large; this is not true in the strongly adsorbed case (|ε|
. |εc|). Then, the peak near z ≈ 0.5 to z ≈ 0.7 decreases
in height with increasing strength |ε| of the wall
potential because more and more monomers become
part of trains rather than being part of “loops” or “tails”.
Then, n(z) for z J 1 is already essentially zero.
As expected, this qualitative picture of the adsorption

transition is in full accord with the standard theoretical
concepts on this problem.3-5 Apart from the density
profile, the transition shows up in many other character-

istics: the fraction fa of adsorbed bonds (Figure 5a), the
total internal energy E (Figure 5b), and the average
orientation of bonds, measured by the second Legendre
polynomial P2(cos θ) (Figure 5c)

where θ measures the angle between an effective bond
and the z-axis, and the average is taken over by all
configurations of the polymer and all its effective bonds.
Since P2(cos θ) ) 1 if all bonds were oriented perpen-
dicular to the surface, P2(cos θ) ) -1/2 if they are
oriented parallel to the surface, while P2(cos θ) ) 0 for
random orientation, the behavior seen in Figure 5c is
easily interpreted: a random orientation occurs in the
nonadsorbed phase, for |ε| < |εc|, while in the adsorbed
phase more and more bonds become aligned parallel to
the wall, as the effective monomers connected by the
bond both become part of a train adsorbed at the wall.
Thus, either fa or P2(cos θ) behave like an “order
parameter” of the adsorption transition and for ε ) -4
are already close to their saturation values (fA ) 1 or
P2(cos θ) ) -1/2, respectively). Of course, this transition
is a sharp transition only in the limit of infinite chain
length.5,32 From Figure 5a-c, we conclude that in our
model this transition occurs at εc ) -1.90 ( 0.05.
(Remember units are chosen such that kBT ) 1 here.)
It is also interesting to note that local quantities like

the mean-square bond length 〈l2〉 (Figure 5d) reflect this
transition too. This effect results since for a free chain
the FENE-potential eq 1 refers to a problem of an
(anharmonic) oscillator with 3 degrees of freedom,
namely, the three Cartesian components of a displace-
ment vector, while for a strongly adsorbed chain ef-
fectively only two components remain, namely, displace-
ment parallel to the wall. This suppression of 1 degree
of freedom induces the decrease seen in 〈l2〉 for |ε| > |εc|.
According to the scaling theory of the adsorption

transition5,32 one expects for ε near εc in the limit N f
∞ a power law behavior,

where the so-called crossover exponent φ has been
estimated from early Monte Carlo work32 as φ ≈ 0.58,
while second-order renormalization group expansions40
implied φ ≈ 0.67. Figure 6 provides a check of eq 7.
Note that φ ) 0.58 would imply a slope of 0.72 for both
quantities displayed in Figure 6. The fact that both
quantities do not exhibit precisely the same slope on
the log-log plot indicates that the asymptotic region
near εc, where eq 7 is supposed to hold, has not really
been reached, and the slopes seen in Figure 6 are
“effective exponents” only. However, we cannot analyze
data for ε nearer to εc here, since the chain length N )
128 then already exhibits pronounced rounding of the
transition, and significantly longer chains would be
required for accurate estimates.29,33,34 Thus, it also is
not straightforward to estimate the critical value εc itself
with better precision. Actually Figure 6 is not meant
as a precise estimation of critical exponents but rather
as a demonstration that our data are roughly compatible
with the expected behavior.
The adsorption transition also shows up in the

behavior of the chain linear dimensions. Figure 7a
shows the mean-square gyration radii, distinguishing
parallel (〈Rg|

2〉) and perpendicular (〈Rg⊥
2〉) components.

While these components in the z-direction normal to the
surface and in an x- or y-direction parallel to the surface
do not differ from each other for |ε| , |εc|, for |ε| > |εc|

Figure 4. Density profile n(z) plotted versus z for N ) 64 for
various values ε/kBT of the strength of the wall potential, from
ε/kBT ) -1.80 to -2.30 (a, top) and from ε/kBT ) -2.30 to -4.0
(b, bottom). Note that in the latter case the order of the curves
is from above to below, while in the former case near z ≈ 0.5
ε/kBT ) -1.80 is the curve closest to the bottom and ε/kBT )
-2.3 is the curve closest to the top. The curves are just cross
sections through the perspective global view presented in
Figure 3.

P2(cos θ) ) 1/2(3〈cos2 θ〉 - 1) (6)

fa ∝ -P2(cos θ) ∝ (ε/εc - 1)(1/φ)-1, ε f εc (7)
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the parallel component strongly increases, while the
perpendicular component decreases.
When we analyze this behavior for different chain

lengths (Figure 7b,c), we see that for |ε| < |εc| the chains
scale with N in the same way as they do in dilute
solution in good solvent in the bulk,

In contrast, for |ε| > |εc| one sees that 〈Rg⊥
2〉/N2ν f 0 for

N f ∞: this happens because the thickness of the
adsorbed chain is finite; it is controlled by the distance
|ε - εc| from the adsorption threshold, but does not
diverge as N f ∞. At the same time, we see a steady
increase of 〈Rg|

2〉/N2ν with increasing chain length
(Figure 7c): This happens because the adsorbed chain
follows the two-dimensional self-avoiding walk statis-
tics, with an exponent ν2 ) 3/4.31,32

Since in the regime of ε shown the chains rearrange
their configurations via a rather slow relaxation, as will
be analyzed in the next section, the statistical accuracy
of these data obviously is not very good. And while the
data are roughly compatible with a crossover scaling
description as suggested by Eisenriegler et al.,32 we
clearly are unable to present precise estimates of
crossover scaling functions (Figure 8). Note, however,
that in the present work we do not suppress fluctuations
by fixing one chain end at the wall, as done in ref

Figure 5. (a, top left) Fraction fa of adsorbed monomers (i.e., monomers having a z-coordinate less than δ) plotted vs ε/kBT
(choosing units such that kBT ≡ 1). Four different symbols denote chain lengths N ) 16, 32, 64, and 128, as indicated. (b, top
right) Total internal energy per monomer E plotted vs ε. (c, bottom left) Second Legendre polynomial P2(cos θ) plotted vs ε. Four
types of curves show different chain lengths N ) 16, 32, 64, and 128. (d, bottom right) Mean-square length 〈l2〉 plotted vs ε.

Figure 6. log-log plot of the fraction fa of adsorbed monomers
(upper part) and of the orientational order parameter -P2(cos
θ) (lower part) versus the distance from the adsorption
threshold, using εc ) -1.9 and plotting data for the longest
chain length N ) 128 only.

〈Rg|

2〉 ∝ 〈Rg⊥

2〉 ∝ 〈Rg
2〉bulk ∝ N2ν, ν ≈ 0.59 (8)

〈Rg|

2〉 ∝ N2ν2, |ε| > |εc| (9)
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32; the latter work also used simple sampling tech-
niques for lattice chains and hence was completely
unable to yield any information on the dynamics of
adsorbed chains, unlike the present work.
If we would fix a chain end at the wall, we would

constrain the configuration of the chain even in the
nonadsorbed phase for |ε| < |εc|. Then, a systematic
deviation between 〈Rg|

2〉/2 and 〈Rg⊥
2〉 would occur for all

ε. Such a distinction also occurs if we constrain the
center of mass position ZCM of a chain at a distance close
to the wall (Figure 9). Such a distinction, however, does

not involve any critical exponents different from ν ) 0.59
but involves only the prefactors in the power laws, eq
8.

4. Chain Dynamics near the Adsorption
Transition
We start by briefly reviewing what is known about

the chain relaxation of our model in the bulk. In
previous work, it has been demonstrated25,26 that this
model of polymer chains in dilute solution in the bulk
reproduces all the properties expected for the Rouse
dynamics in the presence of excluded volume interac-
tions:41 the relaxation time scales as

where W is a rate for the reorientation of effective
monomeric units. The diffusion constant DN simply
scales inversely with the chain length,

where a prefactor of order unity is ignored. The power
law eq 10 then simply can be understood from the
scaling argument, that the chain diffuses a distance of

Figure 7. (a, top) Perpendicular component (〈Rg⊥
2〉) of the

mean-square gyration radius and a parallel component {〈Rg|
2〉/2

) (〈Rgx
2〉 + 〈Rgy

2〉)/2} plotted vs ε for N ) 32. (b, middle)
Perpendicular component of the mean-square gyration radius
normalized by a factor N2ν where ν ) 0.59 is the exponent
characterizing the coil size in the good solvent regime,29,31
plotted vs ε for four different chain lengths. (c, bottom) Same
as b but for the parallel component.

Figure 8. Crossover scaling description of the parallel (〈Rg|
2〉)

and perpendicular (〈Rg⊥
2〉) components of the mean-square

gyration radius, plotting 〈Rg|
2〉/N2ν (a, top) and 〈Rg⊥

2〉/N2ν (b,
bottom) vs the crossover scaling variable |∆|Nφ where ∆ ≡ ε/εc
- 1. Different symbols show various chain lengths as indi-
cated. The flat branch in each figure refers to |ε| < |εc|, while
the other branch refers to |ε| > |εc|. Ideally, for large |∆|Nφ

the increasing branch in part a and the decreasing branch in
part b should tend to straight lines, the slope of which would
yield the theoretical exponents expected for large |∆|Nφ, 2(ν2
- ν)/φ ≈ 0.55 and -2ν/φ ≈ -2.03, respectively.

τN ≈ W-1Nz z ) 2ν + 1 ≈ 2.18 (10)

DN ∝ 〈l2〉W/N (11)
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the order of its own size during the time τN: DNτN ∝
〈Rg

2〉 ∝ 〈l2〉N2ν yields eq 10, invoking that DN scales
inversely with molecular weight (eq 11). For times t
smaller than the chain relaxation time, inner monomers
exhibit anomalous diffusion42 (i.e., a mean-square dis-
placement increasing slower than linear with time)

The physical interpretation of this anomalous diffusion
of inner monomers, of course, is that due to the binding
of a monomer to its neighbors it cannot diffuse freely
but has to “drag” his neighboring monomers with it, and
the “effective mass” of this diffusing object in a sense
increases with time. Note that the center of mass mean-
square displacement does not show any anomalous
diffusion at all,

It is obvious that for t ∝ τN both g3(t) and g1(t) match
and are of the same order as the mean-square gyration
radius,

Thus, at t ≈ τN, g1(t) smoothly crosses over from the
anomalous diffusion, described by eq 12, to ordinary
diffusion, g1(t) ) 6DNt {)g3(t), of course}. It then is
useful to consider also a mean-square displacement of
inner monomers in the center of gravity system of each
chain,

While g1(t) ) g2(t) for t , τN, one observes a saturation
of g2(t) at large times,

We are now interested in understanding how this
behavior is modified if the chain is constrained by the
wall and the associated binding potential, eq 4. First
of all, it is important to note that under the conditions
considered in the present work glasslike freezing in of
the adsorbed chains is not a problem: the mobility of
monomers even in the strongly adsorbed case is still
rather large and hence allows lateral diffusion. This
fact already becomes evident from a consideration of the

acceptance rate A of the attempted Monte Carlo moves
(Figure 10). One sees that shorter chains have a higher
acceptance rate than long ones, due to end effects, and
that the acceptance rate also decreases in a pronounced
way at the adsorption transition. However, when we
consider the acceptance rate of monomers which are
already adsorbed, we notice rather little variation with
ε: Basically the decrease of A with increasing |ε| for |ε|
J |εc| is due to the fact that more and more monomers
become attached to the wall, and no longer belong to
the fraction of “free” monomers with high mobility, but
to the fraction of adsorbed monomers with low mobility.
But, the latter still have a reasonably large acceptance
rate, due to moves in directions parallel to the adsorbing
walls, such that the monomers do not leave the range
of the adsorption potential.
In the presence of the adsorbing wall it is still useful

to discuss the chain motions in terms of the displace-
ments g1, g2, and g3, but it now becomes necessary to
split these motions into a “longitudinal” part parallel
to the surface and a “transverse” part perpendicular to
it. Figures 11-14 contain our resulting data for a
variety of typical cases, which now shall be discussed.
The longitudinal (transverse) displacements are hence-
forth labeled by an additional index l(t), respectively.
For the shortest chain length (N ) 16), τN is too small

to allow a well-developed regime where the anomalous
diffusion as described by eq 12 could be seen. In fact,
there is always a distinction visible between g1(t) and
g2(t), even at very early times where the displacement
is still small in comparison with the bond length. Also
one can see that such short chains are still free at ε )
-2.5, where long chains already would be adsorbed, as
the behavior of the transverse center of mass displace-
ment shows. In contrast, for ε ) -3 this displacement
g3t saturates at a very small value, and also g1t, g2t are
hardly distinct from each other and saturate at a small
value, too. This behavior is characteristic for an ad-
sorbed chain. Only the longitudinal displacements
{g1l(t), g3l(t)} increase proportional to the time in all
cases shown, indicating that lateral diffusion takes
place. The extremely small transverse mean-square
displacement of the center of gravity for ε) -3 explains
why there is practically no distinction between g1t(t) and
g2t(t) in this case: the center of mass is tightly bound
to the adsorbing wall. While, in the case ε ) -1.5, both

Figure 9. Plot of the root mean square gyration radii
components, [〈Rg|

2〉/2]1/2 and 〈Rg⊥
2〉1/2, versus the center of mass

position of the chain ZCM, for N ) 32 and ε ) -1.0.

Figure 10. Acceptance rate A plotted vs ε for four different
chain lengths. Note that shorter chains have a somewhat
higher acceptance rate due to higher mobility of monomers at
the chain ends. For inner monomers of a free chain off the
wall the acceptance rate is about 0.13, while for monomers
forming trains adsorbed at the surface it is about 0.03. For N
) 128, the acceptance rate for moves of monomers which sit
within the range δ of the adsorption potential is also shown.

g1(t) ≡ 〈[rbi(t) - rbi(0)]
2〉 ∝ 〈l2〉(Wt)x1,

x1 ) (1 + 1/2ν)-1 ≈ 0.54 (12)

g3(t) ≡ 〈[rbCM(t) - rbCM(0)]
2〉 ) 6DNt (13)

g1(τN) ∝ g3(τN) ∝ 〈l2〉N2ν (14)

g2(t) ) 〈[rbi(t) - rbCM(t) - (rbi(0) - rbCM(0))]
2〉 (15)

g2(t) ≈ 〈Rg
2〉, t . τN (16)
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g3l(t) ∝ t and g3t(t) ∝ t over the full range of time shown,
for ε ) -2.5 one observes g3t(t) ∝ tx3t with x3t ≈ 0.7, for
more than 2 decades of time. This anomalous behavior
clearly is due to the vicinity of the adsorption transition.
For ε ) -3 we see a slightly anomalous behavior also
for the longitudinal part, g3l(t) ∝ tx3l with x3l ≈ 0.95 for
100 j t j 10000.

For the somewhat longer chains (N ) 32, 64) the
behavior is still similar in the nonadsorbed case: both
g3l(t) and g3t(t) increase linearly with time. But now for
ε) -2.5 the transverse displacements saturate already;
a chain of length N ) 32 is already tightly bound to the
wall. Again g3l(t) ∝ tx3l, with x3l ≈ 0.97 similar to that
discussed above. Data for N ) 64 were also recorded
but are qualitatively similar to those for N ) 32 and
hence are not shown here. For the case N ) 128, ε )
-1.5, we have also included the slopes of g1t and g1l.
These data would imply x1 ≈ 0.6, but we note that a
distinctly smaller value would result if we would fit a
power law to the initial part of the corresponding data
for g1l(t) and g1t(t), respectively (x1 ≈ 0.53). Thus, the
data are roughly consistent with the expectations noted
above (eq 12). Within our accuracy, for N ) 128 the
data for the longitudinal displacement g3l(t) are compat-

Figure 11. log-log plot of mean-square displacements g1l(t),
g1t(t), g2l(t), g2t(t), g3l(t), and g3t(t) plotted vs time for N ) 16,
with adsorption energies ε ) -1.5 (a, top), -2.5 (b, middle),
and -3.0 (c, bottom). Time is measured in attempted Monte
Carlo steps per monomer. Fluctuating broken lines indicate
the average values of the parallel (Rg|

2) and perpendicular
(Rg⊥

2) components of the mean-square gyration radius, depend-
ing on how many times the instantaneous position (time
interval) may be sampled during the total length of the run.
Straight lines indicate power laws with effective exponents as
indicated.

Figure 12. Same as Figure 11 but for N ) 32.
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ible with normal diffusion, eq 13, while g1(t) ∝ tx1
eff
with

x1
eff ≈ 0.62 ( 0.02. This is again slightly larger than
the expected value (note that ν ) 3/4 in d ) 2 dimensions
implies x1 ) (1 + 1/2ν)-1 ) 3/5). The fact that for these
long chains the mean-square displacement parallel to
the adsorbing wall exhibits nice ordinary diffusion, g3l(t)
∝ t for all times and all ε indicates that the different
behavior of the shorter chains simply is a kind of “finite
size rounding” effect of the adsorption transition at ε )
εc: As emphasized already in the above discussion of
static properties, for finite chain length N the singular
behavior at the adsorption transition is smeared out
over a regime |∆| ∝ N-φ, where ∆ ) ε/εc - 1 and φ is the
crossover exponent. Right at the adsorption transition,
i.e., in the limit ∆ f 0, N f ∞, we do expect anomalous
diffusion g3t(t) ∝ tx3t, g3l(t) ∝ tx3l, where these exponents

x3l, x3t have well-defined and nontrivial values. This
anomalous behavior is related to the fact that x3t ) 1 in
the nonadsorbed case, while x3t ) 0 in the adsorbed case
(g3t settles down at a finite displacement). This anoma-
lous diffusion for ∆ ) 0 is similar to anomalous diffusion
at other critical points43 (or to diffusion of point particles
at percolation clusters,44 etc.). Since right at the
adsorption transition the adsorbed chains can have
loops on all length scales up to the coil size, the motion
is neither of two-dimensional nor of three-dimensional
character, and this special structure between dimen-
sionalities is responsible for the anomalous diffusion
here. For finite N and |∆| nonzero the data still are
slightly affected by crossover between normal diffusion
(which prevails for |∆| > 0 in the limit N f ∞) and
anomalous diffusion (which prevails for ∆ ) 0 in the
limit N f ∞). Consistent with this interpretation,
anomalous diffusion is the more pronounced the shorter
the chains are.
We now characterize the relaxation of the chains by

various relaxation times. A standard method to do this
considers the time-displaced correlation function of the
end-to-end vector of the chain,28,29

and since one expects C(t) ∝ exp(-t/τ) for large enough
times, one can extract a relaxation time τ from a semilog
plot of C(t) vs time (Figure 14). Unfortunately, strong
statistical fluctuations make it somewhat ambiguous to
extract a time τ in this way: the exponential decay law
does not hold at shorter times, and it is not easy to
disentangle from the statistical noise these systematic
deviations from a single-exponential decay (a whole
spectrum of relaxation times contributes). Therefore we
have followed previous practice25,26,30,45 to define relax-
ation times from the mean-square displacements, using
suitable intersections: i.e., a time τ3

l for the longitudi-
nal relaxation (displacements parallel to the adsorbing
wall) is defined in30

Note that the factor 2/3 in this definition is an arbitrary
convention, simply used for consistency with previous
work30,45 {the more natural choice g3l(t ) τ̃3

l ) ) 〈Rg|
2〉 is

not used because often this requires enormous effort in

Figure 13. Same as Figure 11 but for N ) 128.

Figure 14. Semilog plot of the end-to-end correlation function
C(t) (eq 17) vs time t, for chain length N ) 64 and two choices
of ε. Dashed straight lines indicate possible fits to a behavior
C(t) ∝ exp(-t/τ).

C(t) ) 〈RB(0)‚RB(t)〉/〈RB2〉 (17)

g3l(t ) τ3
l ) ) 2/3〈Rg⊥

2〉 (18)
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computing timese.g., in Figure 13c the time τ̃3
l would

still be outside the range of the data pointssand one
believes that τ3

l and τ̃3
l differ only by a numerical

factor}. Another time defined from such an intersection
condition, that can be easily read off from the graphs
Figures 11-13, is the time τ23

l 30

Figures 15 and 16 show log-log plots of these times
versus chain length for several choices of ε. In the
asymptotic limit of very long chains, we expect a power
law as written in eq 10 with z ≈ 2.18, for all values of
ε in the nonadsorbed regime, while in the adsorbed case
(|ε|> |εc|) a similar law with two-dimensional exponents
should hold

From Figures 15 and 16 we see that the data indicate
an increase of the (effective) exponent zeff in the power
laws τ3

l ∝ Nzeff, τ23
l ∝ Nzeff, when one compares the

behavior of the adsorbed chains (|ε| > |εc|) with the
nonadsorbed ones: but the effective exponents for τ3

l

and τ23
l are not in exact agreement with each other (as

they should, for long enough chains), and they also are
somewhat larger than the theoretical predictions, eqs
10 and 20. However, it is apparent (particularly for the
data at ε ) -2.50, where the chain length N ) 16 still
behaves as effectively nonadsorbed, cf. Figure 11) that
the discrepancy between simulation and theoretical
prediction gets smaller when the shortest chain length
(N ) 16) is excluded from the power law fit. We
consider it likely that due to a slight curvature (which
is hard to see on Figures 15 and 16, since these plots
span only 1 decade in N, but it may be spread out over
several decades) forN f ∞ the expected behavior indeed
will be recovered. The reason for the apparent enhance-
ment seen here again is the crossover to a slower
relaxation at the adsorption transition. Since we have
argued already that for ∆ ) 0 anomalous diffusion
occurs, simple scaling arguments imply that τN(∆ ) 0)
∝ Nzc with zc > z: Assuming that τN can be characterized
by the condition that g3t(t)≈ 〈Rg⊥

2〉 and noting that 〈Rg⊥
2〉

∝ N2ν even for ∆ ) 0, we conclude with g3t(t) ≈ (W3t)x3

Now the chain length dependence of the rate W3, W3 ∝
N-w, is estimated from the condition that at t ) 1 the
finiteness of the acceptance rate (Figure 10) should lead
to a mean-square displacement of the center of gravity
of order 1/N: at short times the monomer displacements
add up independently and randomly, and each monomer
displacement of order unity produces a mean-square
displacement or order N-2 of the center of gravity, and
the time unit is such that there are N attempted
monomer motions per unit time. This yields wx3 ) 1,
i.e., w ) 1/x3. Using now for ∆ ) 0 τN ∝ Nzc, eq 21 yields

Thus, anomalous diffusion (x3 < 1) implies zc > 2ν + 1.
Since at t ) τN also a smooth crossover to ordinary
diffusion {g3t(t > τN) ) DNt} should occur, we also can
estimate the diffusion constant,

Unfortunately, the present computer resources do not
yet allow a meaningful estimation of the relaxation time
at the adsorption transition itself (it is difficult to locate
it precisely for our model, and the relaxation is very slow
and sluggish there), and hence we do not give any
estimates for the exponents x3, yc, and zc here.
But it is of interest to study directly from the

simulation the diffusion constant for lateral motion,
parallel to the wall, since this quantity is well-defined
for adsorbed chains also (Figure 17). The resulting
effective exponents all exceed the Rouse behavior (y )
1) slightly, but again slight curvature is present on this
log-log plot, and it is expected that a Dl ∝ N-1 behavior
does indeed result for large enough N.
Finally we consider the dependence of the diffusion

constant Dl and the relaxation time τ3 on ε (Figures 18
and 19). As expected already from Figure 17, Dl(ε) is
independent of ε for |ε| < |εc|: this is expected, since
chains in the nonadsorbed phase are not constrained
to be close to the surface, and we simply see the free
diffusion of a bulk chain. In the adsorbed phase, the
diffusion constant decreases smoothly. This decrease
is approximately proportional to the fraction of adsorbed
monomers. Our data do not give any evidence for a
glassy behavior of strongly adsorbed chains for large ε,

Figure 15. log-log plot of the relaxation time τ3
l (eq 18) vs

chain lengthN, for four values of ε, as indicated. Full straight
lines indicate power law fits including the shortest chain
length N ) 16, while broken lines indicate power law fits
where N ) 16 is excluded. Effective exponents zeff are quoted.

Figure 16. Same as Figure 15, but for τ23
l (eq 19).

g2l(t ) τ23
l ) ) g3l(t ) τ23

l ) (19)

τN ∝ Nz2, z2 ) 2ν2 + 1 ) 2.5, N f ∞ (20)

g3t(t ) τN) ) (W3τN)
x3 ≈ 〈Rg⊥

〉 ∝ N2ν (21)

N-1+x3xc ) N2ν, zc ) (2ν + 1)/x3 (22)

DN ∝ 〈Rg⊥

2〉/τN ∝ N-yc, yc ) [2ν(1 - x3) + 1]/x3 > 1
(23)
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at least not for such short chains {Dl(ε) does not
extrapolate to zero even for fa f 1!}. The data for τ3l
indicate also a very smooth variation with ε. In
particular, no evidence for a critical anomaly as |ε| f
|εc| is seen {such an evidence could occur only in the
regime |ε| > |εc|, since for nonadsorbed chains the
behavior is again dominated by chains in the bulk
solution}. Since the straight line shown in Figure 19
represents a law τ3

l ) τ3
l (ε ) εc) exp(εc - ε), we also see

no significant deviation from simple thermally activated
behavior. But one must admit that the data in Figure
19 are rather noisy and the chain length N ) 32 may
be too short to give clear evidence for anomalous effects
associated with the adsorption transition and a (pos-
sible) glass transition (at large |ε|, if one occurs). Here
we recall that a simple thermally activated behavior of
the same model has also been found for the motion of
chains confined to pores with attractive walls.30 Of
course, the simple behavior of Figure 19 may be related
to the fact that our substrate surface is ideally flat and
nonrough, and lateral motion is so easily possible. Real
surfaces that are rough may well behave differently, but
it also is conceivable that the characteristics of the glass
transition then are linked to the nature of this rough-
ness.

5. Conclusions

In this paper, the dynamical behavior of chains
exposed to a repulsive wall with a short-range attractive
wall potential of varying strength has been considered.
As a first step, the adsorption transitionswhere a chain
near the wall changes from a quasi-two-dimensional
configuration to a three-dimensional oneshas been
located, analyzing the monomer density distribution as
a function of the distance from the wall, the total
internal energy of the chain, the fraction of monomers
located within the range of the adsorption potential, etc.
An investigation of the acceptance rate of the attempted
monomer moves shows that the adsorbed polymer
chains are not frozen in; even for values of |ε| exceeding
the adsorption threshold |εc| by more than a factor of 2,
there is still a reasonably high mobility. This is rather
remarkable, since for typical cases such as N ) 128, ε
) -3, where 〈Rg|

2〉 ≈ 80, 〈Rg⊥
2〉 ≈ 0.06 (cf. Figure 13c),

the available volume (in units of length defined by lmax
) 1, cf. eq 1) for a chain is of the order of V ≈
〈Rg⊥

2〉1/2(π〈Rg|
2〉) ≈ 61.6; i.e., the density φ ) N/V ≈ 2.08

exceeds melt densities,25,26 which have been estimated
as about φ ≈ 1.5. In the present case, relaxation at this
high density is still possible due to components of the
motion in the third dimension (perpendicular to the
adsorbing surface) and at the (one-dimensional) free
boundary of the (two-dimensional) coil.
Of course, it is interesting to compare our study to

simulations of chains which have been restricted to two
dimensions from the outset. Such a study is available
in the framework of the bond fluctuation model.46 In
that work, evidence was presented for a simple Rouse-
like relaxation, where (in the presence of excluded
volume) one has 〈Rg

2〉 ∝ N2v with v ) 3/4 and the
diffusion constant still scales inversely with the molec-
ular weight, DN ∝ 1/N (i.e., the exponent y ≡ 1). Also
evidence for the anomalous diffusion of monomer (g1 ∝
tx1 with x1 ) 0.6) was presented.

Figure 17. log-log plot of the longitudinal diffusion constant
Dl vs chain length N, for four values of ε as indicated. Broken
straight lines show fits to power laws Dl ∝ N-yeff, and the
numbers quoted show the resulting effective exponents yeff.

Figure 18. Lateral diffusion constant Dl(ε) plotted vs |ε| for
N ) 32. Insert shows the same data replotted vs the fraction
fa of adsorbed monomers.

Figure 19. Semilog plot of τ3
l vs |ε| for N ) 32. Straight line

shows an Arrhenius-like behavior. Arrow shows the location
of the adsorption transition.
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The present model behaves similar to such a strictly
two-dimensional model for the longest chain length (N
) 128), while for shorter chains deviations occur. We
find a somewhat too large value of the exponent of the
relaxation time, z ≈ 2.65 ( 0.10, instead of the theoreti-
cal expected value z ) 2ν2 + 1 ) 2.5. Also the decrease
of the diffusivity is somewhat too rapid (Dl ∝ N-y with
y ≈ 1.05), and the exponent x1 ≈ 0.65, while x1 ≈ 0.6
already in the nonadsorbed regime. However, these
discrepancies can be interpreted in terms of crossover
problems associated with the adsorption transition,
which leads to critical phenomena in the limit N f ∞,
|ε| f |εc|.
By an analysis of the dependence of the diffusivity

and relaxation time on |ε| it was found that these
quantities vary rather monotonically; they show a
kinklike decrease (or increase, respectively) at |εc|, and
an Arrhenius-like variation at large |ε|.
Throughout the range studied here, a glassy freezing

does not occur. However, one should be cautious in
carrying over this conclusion to experiments: the
present study concerns both very flexible, very short
chains and an ideal, structureless substrate. For ad-
sorption of either stiffer chains and/or rough irregular
substrates, as it will occur for real materials, a differing
conclusion is conceivable. Also the scaling relations for
relaxation times cannot immediately be carried over to
experiment, since hydrodynamic interactions (present
in real solutions) are not included for our model. It is
not clear to what extent hydrodynamic forces affect the
motions of strongly adsorbed chains, however.
There are many directions in which an extension of

the present research can be envisaged: here we have
only considered single chains, implying an extremely
dilute solution in a very good solvent. However, the
present model can easily deal with solvents of variable
quality and higher concentrations.26 Clearly it is in-
teresting to study kinetics of adsorbed chains under
these different circumstances. It is also possible to
study the confinement of chains between two parallel
wallssresults for this case will be presented shortly.47

Finally it is of great interest to study adsorbed films
of finite thickness, with another interface against the
solvent (or vacuum, respectively). A further interesting
extension would be to add solvent molecules explicitly,
carrying out a molecular dynamics simulation to incor-
porate the effects of hydrodynamic interactions, describ-
ing hence chain dynamics in the framework of the Zimm
model41,48 rather than the Rouse model.41 Such studies
of chains in dilute solution in the bulk have become
feasible recently,49,50 but the extension to chains near
walls remains to be done. We hope that the present
research will also stimulate further experiments and
contribute toward their correct interpretation.
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